Chuong V

éhu’O’ngS
PHEP BIEN POI FOURIER ROI RAC VA UNG
DUNG

Ttr chuong trude, ta da thay y nghia cta viéc phan tich tan sé cho tin hiéu roi rac. Cong viéc
nay thuong dugc thuc hién trén cac bo xur 1y tin hi¢u s6 DSP. Dé thuc hién phan tich tan sb,
ta phai chuyén tin hiéu trong mién thoi gian thanh biéu dién twong duong trong mién tan so.
Ta da biét biéu dién d6 1a bién d6i Fourier X(Q) cua tin hiéu x[n]. Tuy nhién, X(Q) 13 mot
ham lién tuc theo tan sé va do dé, nd khong phu hop cho tinh toan thuc té. Hon nita, tin hiéu
dua vao tinh DTFT 1a tin hi¢u dai vo han, trong khi thyuc té ta chi co tin hiéu dai hitu han, vi
du nhu mot birc anh, mot doan tiéng noi...

Trong chuong nay, ta s& xét mot phép bién d6i méi khic phuc duoc cac khuyét diém trén cua
DTFT. D6 1a phep. bién doi Fourier roi rac DFT (Discrete Fourier Transform). Day la mot
cong cu tinh toan rat manh dé thyuc hién phan tich tan s cho tin hiéu roi rac trong thuc té.

Noi dung chinh chuong nay gém:

- DTFT cua tin hiéu roi rac tuan hoan. Pay 1a phép bién ddi trung gian dé dan dat dén
DFT

- DFT thuan va ngugc

- Céc tinh chat cia DFT

- Mot sb ung dung cua DFT

- Thuat toan tinh nhanh DFT, goi 1a FFT
5.1 PHEP BIEN POI FOURIER CUA TiN HIEU ROI RAC TUAN HOAN
5.1.1 Khai trién chudi Fourier cho tin hi¢u roi rac tuin hoan

Nhaic lai khai trién chuoi Fourier cho tin hiéu lién tuc tuan hoan:

x(f) = z a.e’ synthesis equation

— 1 —jkayt : :
a, = ?J.T x(t)e dt analysis equation

Tuong tu, ta c6 khai trién chuoi Fourier cho tin hiéu roi rac tuan hoan (con dugce goi la chuoi
Fourier roi rac DFS- Discrete Fourier Serie) nhu sau:

= > ae"™  synthesis equation
ke<N>

1 - . :
a, =— z x[n]e ™" analysis equation
ne<N>
Khac véi khai trién chu01 Fourier cho tin hiéu lién tyc tuin hoan, phép lay tich phan bay gio
duogc thay bang mot tong. Va c6 diém khac quan trong nita 13 tong ¢ ddy 1a tong hitu han, 13y
trong mot khoang bang mot chu ky ciia tin hiéu. Ly do 1a:
2n 2n
j(k+N)="n
N

2n
jk—n jk—n .
k2mn
N =¢ N ™ =¢
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Chuong V
5.1.2 Biéu thirc tinh bién doi Fourier cia tin hi¢u roi rac tuan hoan

Ta c6 hai cach dé xay dung biéu thirc tinh bién doi Fourier ctia tin hi¢u ro1 rac tuan hoan nhu
sau:

1. Cach thir nhat:

Ta bat dau tir tin hi€u lién tuc tuan hoan. Ta co:

) F
e’ «— 278 (v - w,)

) ) F 0
n]= Y ae"" > X(w)=2n ) a,8(0-kao,)

k=—c0 k=—
Vay, phd cua tin hiéu tuan hoan 1a phé vach (line spectrum) co VO s6 vach phd véi chiéu cao
la 2na, nam cach déu nhau nhimg khoang 13 o, trén truc tan s6 ®
Bay gio chuyén sang tim bién ddi Fourier cta tin hiéu roi rac tuan hoan:
Trude hét, ta tim DTFT cua e’*". Ta c6 thé doan 1a DTFT cua ™" ciing c6 dang xung

turong tu nhu DTFT cta ¢, nhung khac ¢ diém DTFT nay tuan hoan véi chu ky 27

DT :e"™" «—27) 5(Q-Q,+27l)
[=—0

Ta c6 thé kiém tra lai diéu nay bang cach lay DTFT nguoc:

xn]= 2lj X(Q)e’™dQ

VA 27>

1 0

2m(Q-0 e’ dQ
27z

iQon
:ejo

Két hop két qua DTFT cua /™" véi khai trién chudi Fourier ctia x[n], tuong tu nhu véi tin
hiéu lién tuc, ta dugc:

F 0
nlo2z Y. D a,5(Q—-kQ, +27l)

ke<N> |=—x

=27 Z a,6(Q—-kQ,) (do ay tudn hoan)

k=—0
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Voi Q) =22, ta co:
T ) £ - 2rk
x[n] periodic with period N <> 27 z a,0(€2 ——)

k=—x0

v6i ag la hé so cua chuodi Fourier, tong dugc lay trong mdt chu ky cuda tin hi¢u.

_ Z n]e—j27mk/N

ne<N>
1 }'l0+N 1
— x[n]e—jZH'nk/N
ﬂ:Vlo
Vi du:
Tim DTFT cua day xung roi rac sau:

o0

pln]= Y. s[n—kN1]

k=—0

Cuoi cung ta co:

pln]= Z S[n—kN]1o Z 5(9—2—”") P(Q)

k=—o0 k——ao

Chuong V

A , ~ \: \ oA A X \: ., ‘A L2
Nhu vdy, DTFT cua day xung roi rac 1a tap v sO xung roi rac ¢ chi€u cao la ~N va cb

khoang cach gitra hai xung canh nhau la %

-90 -



Chuong V
2. Cach thir hai:

Ta c6 thé rat ra két qua DTFT cua tin hiéu roi rac tudn hoan nhu trén nhung bang cach khac.
Ta xét mot chu ky cua tin hiéu tuan hoan x[n], ky hiéu la: x,[n]:

(] x[n], 0<n<N-1
x,[n]=
0 0, otherwise.

Sau d6 tinh DTFT cua x,[n]

0 N-1
Xy (@)= x[nle” =3 x,[n]e®
n=—00 n=0

Viét lai x[n] dudi dang tong cta vo s6 chu ky X,[n]:

0

xn]l= Y. x[n—kN]= Z x,[n]*S[n— kN1 = x,[n]* Z S[n—kN1

k=—0 fk=—c0 k=—o0

Theo tinh chét chap tuyén tinh ta co:
F
x[n] = x,[n]* pln]«— X (Q)P(Q) = X(Q)
Thay P(Q) vira tim duogc trong vi du trén vao biéu thirc nay, ta dugc:

X(©Q) =X0(Q>[%”Z s@- 2% )]

= %{Z X (%)5 Q- %) (t/c nhan v61 mot xung)
k

0 day X,(2) co N gia tri phan biét, nghiala k =0,1,2,..,.N—1.
Biéu thirc tinh DTFT nguoc la:

1 _ 1 (27 27 & 2rk k.
=—| X(Qe™dQ=—/| [==)) X —5@—— le)
A=, X(@e =N v 2 Ko@)

Jj27kn

z ¥ (27rk)J- 5(9_272']() o g0y _ZX (27Z'k

Néu so sanh véi cong thirc chudi Fourier o trén, ta duoc:

—ix (Z’Tkj voi k=012, . N-1
N N
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Tom lai, ta co:

x[n] = x,[n]* Za[n kN]

k=

Xo(Q) = f x,[n]e ™"

n=0

X@=27 3 %,(Ds@-5)

=—00

x[n]=— ZX (%)e v

X,

Viy, dé tinh DTFT X (Q) ctia tin hiéu x[n]rdi rac tuan hoan vdi chu ky N, ta tién hanh theo
cac budc sau day:

1. Bat dau v6i mot chu ky x,[#] cua tin hi¢u x[n], luu y x,[n] khong tudn hoan
2. Tim DTFT cua tin hiéu khong tuan hoan trén:
X, (Q)= Z:;w x,[nle
3. Tinh X,(Q) tai cac gia tri Q=2% k=0,1,...N-1
4. Tir day c¢6 DTFT cua tin hiéu tuan hoan theo nhu cong thic vira tim:

e

Vi du:
Cho x[n]=1. Tim X(Q)
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Vi du:
Cho x,[n]=0o[n]+0[n—1]+26[n—-3]. Gia st N =4.Tim X () va X() va xac dinh 4 giad

tri phan biét cua X (3£-).

Vi du:
Cho tin hiéu tuan hoan x{n] voi chu ky N =3 va mot chu ky 1a:
X, [n]=o[n]+20[n-2].

Tim X, (QQ)va X(Q). Kiém tra két qua bang cach tinh DTFT nguoc dé khoi phuc lai x[n].
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Vi du:

Cho tin hiéu tuan hoan y[n] véi chuky N =3 va mot chu ky 1a:
Yoln]=0o[n]+20[n—-1]+30[n—-2].

Tim Y, (Q)va Y(Q). Kiém tra két qua bang cach tinh DTFT nguoc dé khoi phuc lai y[n].

5.2 PHEP BIEN POI FOURIER CUA TiN HIEU ROI RAC DAI HUU HAN
5.2.1 Biéu thirc tinh bién d6i Fourier roi rac thuin cia tin hiéu roi rac tuin hoan
Trong muc trén, ta xét mot chu ky x,[n] cua tin hiéu tuan hoan x[n]. Ta c6 thé xem phan
chu ky nay c6 duoc bang cach ldy cita s6 (windowing) tin hiéu dai vo han x[n]:
xo[m] = x[nlw[n]

V61 w,[n] lacua sO chit nhét (¢ day né con dugc goi la cira s6 DFT):

(] I, n=0,1---,N-1
wp[n]=
K 0, otherwise

x,[n] = x[n]w,[n] chi la cac mau ctia x[n] nam gitta n=0 va n=N —1.(khong quan tim

dén cdc mau ndm ngoai ctra s0). Ta c6 the tinh DTFT cua x,[n] nhu sau:

0 0 N-1
Xy(Q) =DTFT(x,[n]) = D x,[nle”™ =Y x[nlw,[nle’™ =D x{nle”™"
n=—ow n=-oo n=0
Vay,
N-I 4 N-1 4
X,(Q) = z x[nle '™ = Z x,[nle
n=0 n=0

Bay gio ta tién hanh 1dy miu X 0, (Q) dé luu trix trén may tinh. Do X 0 () lién tyc va tuan hoan
v6i chu ky 27 nén chi cAn cac mau ¢ trong dai tan s6 co ban. Dé thuan tién, ta ldy N miu
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cach déu nhau trong doan [0, 27 ) :

0,2n/N, 4n/N, ..., (N=1)2n/N

Noi cach khéc, cac diém do la:
Q=2tk=0,1,.,N-1
Ta dinh nghia phép bién doi Fourier roi rac DFT (Discrete Fourier Transform) nhu sau:
X[k]=XO(%) voi k=0,1,...,N—-1
N
X[k] dugc goi la phé roi rac (discrete spectrum) cia tin hi€u roi rac.
Luuy1:
X[k] 12 ham phirc theo bién nguyén, cé thé dugc biéu dién duéi dang:
X[k] = X[k]| ™"
& day |X[k]| 1a pho bién do va 0[k] phd pha.
Luuy2:
D¢ phan gidi (resolution) cta phd roi rac la 2% vi ta di ldy mau phd lién tuc tai cic diém

2z

cach nhau 2% trong mién tan so, nghia la: AQ =22

Ta ciing c6 thé biéu dién do phan giai theo tan s twong tu f. Ta nhé lai quan hé:

F=l
fS
Do do:
af=1o
N
Luuy 3:

Néu ta xem xét cac mau cua X, o(Q) 1a ZE véi k=—o dén oo thi ta s& thdy DFT chinh la
mot chu ky cua DFS, nhung DFT hi¢u qua hon nhiéu so v6i DFS béi vi s6 mau cua DFT la
hiru han:
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X[k]=X (Q)|Q_% k=0,1---,N—1

N-1 o
_ —jQn
- z x{nle |Q:%,k:0,1,---,N—l
n=0
Nl 2 kn
:Z x[n]e " k=0,1--- N-1

n=0

bé cho gon, ta ky hi¢u:

Khi khong can dé y dén N, ta c6 thé viét don gian W thay cho W,
Vay,
X[k]= x[n]WA’,‘”,k =0,1,---,N -1

n

Il
f=}

14 DFT ctia ddy x,[n]. lay ctra s tir x[n]

Vi du:
Tinh DFT cta x[n]=u[n]—u[n—N]
N-1 7,m N-1
z (e kn
n=0 n=0
Suy ra DFT cua x[n]=1,n=0,1,---,7.
Vi du:
1, n=0 .
Cho x[n]= . Tim X[k],k=0,1,...,7
0, n=1,..7
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Vi du:
Cho y[n]=0[n—-2] va N =8.Tim Y[k]

Vi du:

Cho x[n]=cW,”,n=0,1,..,N—-1,v6i p la mot s6 nguyén pe[0,1,...N—1]va w,=e’V
Tim DFT cua x[n].

5.2.2 Biéu thirc tinh bién ddi Fourier roi rac nguoc
Trong muc nay, ta s& di thiét 1ap cong thirc khoi phuc x[n] tir X[k]. Su khoi phuc nay dugc
goi 1a tong hop hay DFT nguwoc (IDFT)

Tir biéu thie tinh DTFT nguogc dugce thiét 1ap trong muc 5.2.1 va do tinh twong hd giita mién
thoi gian va tan so, ta co the suy ra biéu thic tinh IDFT nhu sau:

N-1
x{n] =%Z X[k, ,n=0,1,..,N -1

k=0
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Sau day ta s& chirg minh diéu nay ding:

x[n]=

Ta c6

Thay két qua nay vao x[n] ta c6 dugc biéu thirc tinh IDFT trén 1a dung

N-1 N-1

x[n]= ;f > 1] Z W = ]1[ > xIINS[n-1]

1=0 1=0

=%<Nx[n]> = x{n]

Vi du:
Tim IDFT cua X[k]=1,k=0,1,...,7.

Vi du:

Cho x[n]=8[n]+28[n—-1]+38[n—2]+5[n-3] va N=4, tim X[k].
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Vi du:

Cho X[k]=206[k]+23[k-2] va N =4, tim x[n].

5.2.3 Chon s6 méu tin s6 N

Qua muc 5.2.1 ta thay bicu thirc tinh DFT dugc thanh 1ap tir viéc 1ay mau DTFT véi s6 mau
la N. S0 mau N nay ciing chinh 1a s6 mau cua tin hi€u roi rac trong mién thoi gian hay 1a do
dai cta cura s6 DFT, n6i ngan gon la s6 mau tan s6 bang s6 mau thoi gian.

Vi du:

Cho tin hi¢u x[n] nhu hinh bén. E
Tinh rdi v& hai loai phé bién d6 | X(Q) | 3
va |X[k]| trén db thi. 2f
Xem d6 thi ta thiy rd rang rang: cic miu 1r
IX[k]| bang v&i | X(Q)] tai cing tan sb. 09 0000 l © 0004
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Viéc chon N anh huong dén do phan giai ciia phd rdi rac. Chon N cang 16n, d¢ phan giai
cang tot, nghia 14 khoang cach giita hai vach ph6 canh nhau X[k] va X[k+1] cang nho, nghia
1a dudng bao ciia phd roi rac X[k] cang gan vai hinh anh cia phd lién tuc | X(Q)|.

Pé viéc tang N khong 1am anh huong dén két qua, ta kéo dai tin hiéu trong mién thoi gian ra
bang cach chen thém cdac mau bang 0 (zero-padding) vao phia cuoi cia tin hi¢u.

Vi du:

Cho x[n]=u[n]—u[n-5].
Tim X[k] vé1 N nhu sau:
(a) N =5.

0 4 n
(a)
X|[n]
0 5 10 15 20 &
(b)
5 _ X[k
P 2] N P I
/ \\\/lX(E )| . \ / \\
rf \\ ."f ‘\ ,f \\
i \ i y ! Y
i Y i 3 ! 1
i | ! 1 ! )
f{ | U S n'f | Y S -" \
| ~ b AT o
o LY LI Ly IARARYE RN Y
-1 0 1 ) 3 4 5 6 7 8 9 10 11 &k
0 27 dar )
(c)

(d)

Figure 8.10 lllustration of the DFT. (a) Finite-length sequence x[n]. (h) Periodic
sequence X[n] formed from x[n] with period N = 5. (c) Fourier series coefficients

X [k] for X[n]. To emphasize that the Fourier series coefficients are samples of the
Fourier transform, | X (e/«))| is also shown. (d) DFT of x[n].
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(b)yN=10

x|n|

(a)

X|n|

-10 0 4 i 10 e

N

LX (K]l

124 | 124

(c)

LX k]
04

02w

047
(d)

Figure 8.11 lllustration of the DFT. (a) Finite-length sequence x[n]. (b) Periodic
sequence X[n] formed from x[n] with period A/ = 10. (c) DFT magnitude. (d) DFT
phase. (x's indicate indeterminate values.)

5.2.4 Cac tinh chat cia bién doi Fourier roi rac

Hau hét cac tinh chit cia DFT tuong ty nhu cac tinh chat cia DTFT, nhung c6 vai diém khac
nhau. Diém khac nhau d6 14 do DFT chinh la mét chu ky trich ra tir ddy DFS tuan hoan véi
chu ky N.

Béy gio ta thay ddi ky hiéu, ky hiéu [#] 14 diy tuan hoan chu ky N, x[n] 1a mot chu ky trich
ratu x[n]:

X[n]=x[n]* ZOC: o[ln—kN]

k=—x0

= ix[n —kN]
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1. Dich vong

Néu
DFT
x[n] > X[k]
thi
DFT e
x[n —m]<> W X[k] véi W, =e '
Vi du:

|
| x[n]
|
|

H“HH“HH}‘\“HT“ H
.. WHTHIHTHUHMH Hl]

Figure ular shift of a finite-length sequence; i.e., the effect in the time
domain of multiplying the DFT of the sequence hy a linear phase factor.

Dich vong di m mau s& cho két qua tring voi dich vong di (m mod N) mau.

2. Téng chdp vong
DFT,N

x[n®x,[n] & X,[k1X,[k]

o day:

N-1

= x[n]®x,[n]= Y x[p1%,[1n = play

p=0
Déau ® 1a ky hiéu téng chap vong.
Nhic lai cong thirc tong chéap tuyén tinh:

y[n]=x[n]*x,[n]= z x[plx,[n - p]
p=—w
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Thoat nhin, ta thay bi€u thirc tinh tong chép vong rat giéng tong chép tuyén tinh. Tuy nhién,
hai phép chap doé khac nhau ¢ nhitng diém sau day:

- Phép chap vong qhi ap dung cho hai day dai hitu han va ‘péng nha}l, két qua ciing 1a
mot day cung chiéu dai, nghia la x,[n],x,[n], and y[n] déu co6 chiéu dai 1a N. Trong
khi d6, phép chap tuyén tinh 4p dung cho hai diy c6 chiéu dai bat ky: néu x,[n] dai
N, ., x,[n] dai N thi y[n]dai

- Phep dich trong tong chap vong la phep dich vong, khac voi phep dich trong tong
chép tuyén tinh 1a phép dich tuyén tinh.

Vi nhitng diém khac nhau trén nén két qud ciia tong chdp vong va tong chdp tuyén tinh cia
cung hai day co thé khong trung nhau. Tuy nhién, ta c6 cach lam cho hai két qua d6 trung
nhau nhu sau:

- Chuyén tong chap tuyén tinh sang mién tan so:
Y(Q)=X,(€).X,(Q)
- Lay mdu Y(Q) v6isd miula N> N, =N, +N_ -1, tadugc:
Y[k] = X[k].H[k]
- Tinh DFT ngugc, ta duoc:
yln] = x[n] * h[n]
¢ day chiéu dai cia y[n] , x[n] va h[n] la:
N>2N =N_+N -1
Nhu vdy, bang cach kéo , dai cac tin hi€u x[n] \fél Xz[n] ra dén chiéu dai
N=N =N_+N_ -1 roi lay chép vong, ta dugc hai két qua cua tong chép vong va
chap tuyén tinh 1a trung nhau:
yln]=x,[n]*x,[n] = x,[n]®x,[n]
Vi du:
Tim x,[n]® x,[n] = z[n], v61 x,[n]=[1,2,0,0], x,[n]=[1,1,0,0] va N =4.

Két qua nay co tring véi tong chap tuyén tinh khong?
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Vi du:
Tim y[n]=x[n]® x[n], v61 x[n]=[1,0,1,1] trong hai trudng hop:
(a)N=4
(b)N=28

N bang bao nhiéu 1a dii dé tong chap vong tring véi tong chap tuyén tinh?

5.3 MQT SO UNG DUNG CUA DFT
Phan nay sé& gidi thiéu so luge vé mot sé tmg dung ctia DFT trong thyc té
5.3.1 Phan tich phé tin hiéu

Trong chuong trudc, ta da blet dugc y nghia cua phd trong viéc phan tich tin hiéu, tir phd cua
tin hiéu ta biét dwoc mot s6 thong tin can thiét.

Pé tim pho cua tin hiéu (ca lién tuc va roi rac), ta can phai biét gia tri ctia tin hiéu tai tt ca
cac thoi diém. Tuy nhién trong thuc té, do ta chi quan sat dugc tin hi¢u trong mét khoang
thoi gian hitu han nén phd tinh dugc chi la xap xi ciia ph6 chinh xac. DFT dugc img dung rat
hiéu qua trong viéc tinh toan phd xp xi nay.

Trong thuc té, néu tin hiéu can phan tich 1a tin hi¢u lién tuc, trudc hét ta cho tin hiéu dé di
qua mot bo loc chéng chong phd réi ldy miu véi tan sb F, =2 2B, v6i B 1a bang thong cua tin
hi€u sau khi loc. Nhu vay, tan sb cao nhat chua trong tin hi¢u ro1 rac 1a Fs/2. Sau do, ta phai
gidi han chiéu dai cta tin hiéu trong khoang thoi gian To= LT, véi L 1a s6 miu va T 1a
khoang cach giita hai mau. Cudi cing, ta tinh DFT cua tin hiéu roi rac L mAu. Nhu dé trinh
bay trén, mudn ting do phan gidi ciia phd roi rac, ta ting chiéu dai caa DFT bang cach bu
thém sb 0 vao cubi tin hi¢u roi rac truée khi tinh DFT.

Vi du sau ddy minh hoa mét ung dung cua DFT trong vi¢c phan tich phé tin hiéu dién tam dd
(ECG):

Hinh vé (a) la dd thi cua 11 nhip tim cia mdt bénh nhan. 11 nhip tim nay xuét hién trong
khoang thoi gian 9 gidy, tuong duong véi 11/9 = 1.22 nhip trong mot gidy, hay 73 nhip trong
mot phut.

Hinh (b) 1a chi tiét nira ddu ctia nhip tim tht tu.

Hinh (c) la mdt doan pho bién d6 DFT c6 duoc sau khi ldy mau doan 11 nhip tim (a) voi tan
s6 14y mau 13 8 kHz. Nhin (c) ta thy c6 hai diém bién d6 cao nhat xut hién & tan s6 88 Hz
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va 235 Hz.

Pé tim hiéu phd k¥ hon, ta tinh DFT & 7822

ctia tin hiéu ¢ hinh (b)- phd nay thé i

hién ¢ hinh (d), ¢ day ta théy 13 hai i

diém bién do cao nhat & tan sO 88 o !

Hz va 235 Hz bén trong mdi nhip !

tim. Tuy nhién, ta khong thay tan s6 |

1ap lai nhip tim la 1.22 Hz trong 25 : | : .
DFT hil’lh (C) Time (sec)

Hinh (e) giai thich & hon didu nay. @ Eiven oo

N6 1a phién ban m& rong cuia cac dinh nhon trong dai tan tir 60 Hz dén 100 Hz. Trong khi tan
s6 1.22 Hz qua nho nén khong thiy rd trong hinh (c) thi trong hinh (e) ndy, ta thiy rd cac hai
clia tan sd 1.22 Hz va thay rd khoang cach giira hai dinh nhon 13 1.22 Hz.
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(b) Magnitude Spectrum of Heartbeat Detail

5.3.2 Tinh tin hiéu ra hé thong roi rac LTI
Tin hiéu ra h¢ thdng roi rac LTI duoc tinh bang cach chap tin hiéu vao véi dap ing xung cta
h¢ thong:

y[n]=x[n]*h[n]
Ta c6 hai cach dé tinh tong chap nay: mot 1a tinh trye tiép, hai la tinh thong qua F(Z)ng chép
vong nhu phén tich trong muc 5.2.4. Cach tinh qua tong chép vong s€ c6 lgi hon v€ mat thoi
gian. Ly do 1a tong chap vong c6 the tinh thong qua DFT, ma DFT c6 thé dugc tinh nhanh
nho thuat toan tinh nhanh FFT.

Dé tinh y[n], ta thuc hién theo cac budc sau dy:
- Kéo dai x[n] &én d6 dai N =N, + Nj - 1
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- Kéo dai h[n] dén d¢ dai N = Ny + Nj - 1

- Tinh DFT ctia x[n] N mau, ta duoc X[k]
- Tinh DFT ctia h[n] N mau, ta dugc H[k]
- Nhan X[k] vo1 H[k], ta duoc Y[k]:
Y[k] = X[k].H[k]
- Tinh DFT nguoc cua Y[k], ta dugc y[n]

Vigc tinh DFT va DFT ngugc dugc thuc hién nhd mét thuat toan tinh nhanh DFT, goi la FFT
(Fast Fourier Transform). Phan sau s€ trinh bay vé thuat toan FFT.

5.4 TINH NHANH DFT BANG THUAT TOAN FFT

DFT dugc umg dung rong rai trong xu ly tin hi¢u roi rac/ s6 nén nhiéu nha toan hoc, k¥ sur..
da rat quan tam dén viéc rat ngan thoi gian tinh todn. Nam 1965, Cooley va Tukey di tim ra
thuat toan tinh DET mot cach hiéu qua goi 1a thuat toan FFT. Can luu y FFT khong phai 1a
mot phép bién ddi ma la mot thuat toan tinh DFT nhanh va gon hon.

Dé danh gia hiéu qua cua thuat todn, ta sir dung sd phép tinh nhan va cong phirc. S6 phép
nhan va cong phuc lién quan tryuc tiép dén toc do tinh toan khi thuat todn duogc thuc hién trén
cac may tinh hay la cac bo xu ly chuyén dung.

5.4.1 Hiéu qua tinh toan cia FFT
Cong thuce tinh DFT cua day dai N:

k]l= f x[n]*

Qua day ta thay dé tinh mdi gia tri DFT ta cdn N phép nhan va cong phirc. Dé tinh toan bd

DFT ta can N? phép nhan va cong phtic.

Tuy nhién, néu tinh DFT nho thuat toan FET thi s6 phép nhan va cong phic giam xubng chi
n Slog, N.

Vi du nhu N =2" =1024 thi néu tinh truc tiép DFT can N* =2 =10° phép nhan va cong

phirc, trong khi tinh qua FFT thi s phép nhéan va cong phuc giam xudng chi con Ylog, N=

5120. S6 phép tinh giam di gan 200 lan!

Hinh sau cho thdy rd hiéu qua cua thuat toan FFT:
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Co nhiéu thuat todn FFT khac nhau bao gom FFT phan chia theo thoi gian va FFT phén chia
theo tan sO6. Trong phan nay ta tdp trung vao thuat toan FFT co s6 2
(N =2" where i is an integer ) phan chia theo thoi gian.
5.4.2 Nguyén tic cia FFT
Nguyén tic co ban ma cac thuét toan FFT déu dua vao 1a phan chia DFT N méu thanh cac
DFT nhoé hon mot cach lién tuc:
Véi N =2, dau tién ta phan chia DFT N mau thanh cac DFT £ mau, sau d6 phan chia DFT
X mau thanh DFT ¥ mau va ct tiép tuc nhu thé cho dén khi dugc cac DFT dai N = 2. Viée
tinh DFT nho hon 13 rang s& can it phép tinh nhan va cong phirc hon.
Trudce tién, chia x[n] thanh cac ddy con chan va 1é:

X[k]=Y x[nW* + > x{n]W*

neven nodd

bat n=2m véinchanva n=2m+1 véin lé:

N_
21

X1
X[k] = z x[zm]WZMk + Z x[2m + I]Wk(2m+]) _

m=0 m=0

! X
X2m) W)™ + W x2m+ (W)™ =

X[k]= X [k1+ W' X [k]= G[k]1+W"H[k]

X,[k] va X,[k] 1aDFT % mau.

2
Tiép theo chia diy con ¥ mau 1 x[2m] 1am d6i bang cach dat m=2p :

N
£y

XK= 3 24l + WY af4p+ 21007 =

=0 =0

Thyc hién tuwong ty nhu vdy cho diy con x[2m+1]

Vidu: N=8

Qua trinh phan chia DFT 8 mau thanh cac DFT nho hon dwoc minh hoa trén luu db.

Pau tién, chia x[n] thanh 2 diy con, day thir nhét 1a diy chin x[0], x[2], x[4], x[6] va ddy thi
hai 1a day 1¢ x[1], x[3], x[5], x[7].

Tiép theo, chia ddy chan thanh 2 ddy con, diy thir nhét 1a x[0], x[4] va ddy thir hai 1a x[2],
x[6].

Tuong tu, day 1é dugc chia thanh 2 day con, 1a day x[1], x[5] va day x[3], x[7].

Cac DFT 2 mau duoc tinh don gian nhu sau:

.2n

1 —_
Glk]=> g[n]W™, 0<k<l, W=e 2 =-I

n=0
= G[0] = g[O]WO'0 + g[l]Wl‘O =g[0]+g[1] (chi cin phép cong va trur)
G[1] = g[0]W ™' + g[1]W "' = g[0] - g[1]
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Figure 9.3 Flow graph of the
decimation-in-time decompaosition of an
N-point DFT computation into two

(N /2)-point DFT computations

(N =8).
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FFT co so:
A “Butterfly”

W+ N2)

Luu y: Wt +N2) =W N2 W r =-1 W =- W', do d6 c6 thé vé lai luu d¢6 FFT don
gian nhu sau:

Figure 9.10 Flow graph of 8-point DFT
using the butterfly computation of
Figure 9.9.
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Summary: The Common Types of Fourier Transforms

Continuous in Time x(¢)

= Aperiodic in Frequency

Discrete in Time x[n]

= Periodic in Frequency

Periodic in
Time,

Fourier Series (FS):

— 1 —Jkayt
a, —FJ.T x(t)e dt

Discrete Fourier Series (DFS)
and Discrete Fourier Transform
(DFT):

N-1
X[k]=) x[n¥y",0<k <N -1

= Discrete S kot
in 0= k;o ae’ "~
Frequenc Nl
a Y x[n]:iZX[k]W,;"",osnszv—l
Nk=0
where W, =e”’ ¥
Aperiodic | Fourier Transform (FT): Discrete-Time Fourier
in Time, . ‘ Transform (DTFT):
X(w) = j x(t)e ' dt
- [ ~jat X(Q) =) xnle’™
Continuous | ()= J-_oo X(w)e " dt I
n n] = —— [ x(©@e™d0
Frequency 27 7
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Phu luc 2

Some Fourier Relationships

The Fourier transform is the Laplace transform evaluated on the joo axis.

= [ [ x(t)e“"dt}

The discrete-time Fourier transform is the z-transform evaluated around the unit circle.

X ()= ji x()e 7 dt = X (s)

s=jo

X(Q)= i xnle ™ = X(2)| . {i x[n]x"}

n=—o Nn=—00

Discrete-time periodic signals can also be described by a Fourier Series expansion:

x[n]= z e’ synthesis equation

ke<N>

and

1 - kO : :
a,=— Y. x[nle "™ analysis equation
Nne<N>

then using the DTFT of the impulse train, P(Q) that we previously found, the DTFT of an
arbitrary discrete-time periodic signal can be found from X (€2)the DTFT of one

period x,[n]

X(©Q) =X0(Q)(%”Z 5(9—%)]

27 2k 2k
=3 X, (5)e(Q-——
N < ol N) ( N)

The DFT is simply a scaled version of the terms of one period of the discrete time Fourier
transform for a periodic sequence:

2rk - in
X[k]= XO(T) => nWy,0<k<N-1

n=0
for Q=22 f=0,1,..,N—1, ie. only look at the N distinct sampled frequencies of X (Q).

Also important, the orthogonality of exponentials:

N-1
> Wy = NoTk]

n=0

i2m
JN

where W, =e
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